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Abstract
In this paper,we obtain cubature formulae for then-simplexTn, which are invariant under all afﬁne transformations
of Tn onto itself, and are exact for all polynomials in n variables of degree 6.
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1. Introduction
Let us denote by Tn the n-simplex in Rn
Tn =
{
x = (x1, x2, . . . , xn) ∈ Rn
∣∣∣∣∣
n∑
i=1
xi1, xi0, i = 1, 2, . . . , n
}
, (1)
with center = (1/(n + 1), 1/(n + 1), . . . , 1/(n + 1)).
Let us denote by Tn,u the simplex, with vertices at the (n + 1) points in Rn
(u, u, . . . , u), (1 − nu, u, . . . , u),
(u, 1 − nu, u, . . . , u), . . . , (u, . . . , u, 1 − nu), (2)
where u is a real number.
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Fig. 1.
The point , which is the center of Tn, is also the center for Tn,u. If u = 1/(n + 1), the simplex Tn,u
degenerates into the point . If u= 0, the simplex Tn,u coincides with Tn. The points (2) will be denoted
by a(j)(u).
The simplex Tn and the simplex Tn,u for n = 3 and u = 0.3 are given in Fig. 1.
The midpoints of the edges of the simplex Tn,u will be denoted by b(j)(u). Their number is equal to
C2n+1 = n(n + 1)/2. The points b(j)(u) are derived from the points ([1 − (n − 1)u]/2, u, . . . , u) and
([1 − (n − 1)u]/2, ([1 − (n − 1)u]/2, u, . . . , u) by all possible permutations of their coordinates.
The centers of the two-dimensionalwalls of the simplex Tn,u will be denoted by c(j)(u). Their number is
equal toC3n+1.Thepoints c(j)(u) are derived from thepoints ([1−(n−2)u]/3, ([1−(n−2)u]/3, u, . . . , u))
and ([1 − (n − 2)u]/3, ([1 − (n − 2)u]/3, ([1 − (n − 2)u]/3, u, . . . , u) by all possible permutations of
their coordinates.
The transformation y = Ax + b is called afﬁne transformation, where y = (y1, y2, . . . , yn)′, x =
(x1, x2, . . . , xn)
′
, b = (b1, b2, . . . , bn)′, A is a square non-singular matrix.
The group of all afﬁne transformations of Tn onto itself will be denoted by TnG.
The set of points ga, where a ∈ Tn is ﬁxed, and g runs through all elements of the group TnG, is
called an orbit or a TnG-orbit containing the point a; it is denoted by TnG(a). The cardinality of an orbit
depends on the point a.
The set of the centers of the k-dimensional (k = 0, 1, 2, . . . , n − 1) walls of the simplex Tn,u (for
ﬁxed k), is a TnG-orbit. In order to derive a cubature formula with degree of accuracy higher than
5, we should select the nodes not only as the centers of the walls of the simplex Tn,u, but also other
orbits; for example the orbit which contains the t-point of the edge connecting the ﬁrst two
vertices (2):
b(1)(u, t) = (1 − t)(u, u, . . . , u) + t (1 − nu, u, . . . , u) = (u + t[1 − (n + 1)u], u, . . . , u).
The points of the TnG-orbit which contains the t-point b(1)(u, t) will be denoted by b(j)(u, t). Their
number is equal to n(n + 1). The points b(j)(u, t) are derived from the points (1 − nu + t[(n + 1)u −
1], u . . . , u), (u+ t[1− (n+1)u], u, . . . , u) and (1−nu+ t[(n+1)u−1], u+ t[1− (n+1)u], u, . . . , u)
by all possible permutations of their coordinates.
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The polynomials
Pk(x) =
n∑
i=1
[(n + 1)xi − 1]k + [(n + 1)(1 − x1 − · · · − xn) − 1]k ,
k = 2, 3, . . . , n + 1, (3)
are invariant with respect to the group TnG. An arbitrary invariant polynomial is a polynomial in the
polynomials of (3).
There has been a substantial effort in the recent years to obtain invariant cubature formulae.We will list
only few results. Cubature formulae for the simplexTn, which are invariant under all afﬁne transformations
of Tn onto itself, and are exact for all polynomials of degree not higher than m, m5 are obtained
in [1,7,9,11]. Cubature formulae for m = 4, 5 are obtained in [1] using the method of undetermined
coefﬁcients. The case m = 3, 5 is treated in [7]. In [9], a method for constructing invariant cubature
formulae using the Sobolev’s theorem [10] is proposed, and different cubature formulae are obtained.
This method is used in [8] to derive a cubature formula for m = 7. For odd m’s, cubature formulae
are derived in [4] by combinatorial methods. In [11] are obtained cubature formulae for m = 2, 3. The
formula for m = 3 in [11, p. 308] can be obtained using the method proposed in [9, p. 239]. Invariant
cubature formulae for a class of weight functions on the simplex Tn are derived in [5] using combinatorial
methods, extending the formulae in [4] for the unit weight function on Tn. These formulae are used to
derive cubature formulae on the surface of the sphere and on the unit ball using a connection between
cubature formulae on the simplex, ball and sphere. Tables of cubature formulae for the simplex Tn are
given in [11].
In [2] the author presents a general, theoretical foundation for the construction of cubature formulae
to approximate multivariate integrals. The focus is on cubature formulae that are exact for certain vector
spaces of polynomials. The constructions using ideal theory and invariant theory are outlined. The known
lower bounds for the number of points are surveyed and characterisations of minimal cubature formulae
are given. Finally, some methods to construct cubature formulae illustrate the previously introduced
concepts and theorems.
The article [3] contains some of the results of multivariate orthogonal polynomials and cubature formu-
lae, which are closely connected. The method of construction cubature formulae by using interpolation
and the method of reproducing kernel are described in the article. In the ﬁnal section are presented those
integrals for which minimal cubature formulae for an arbitrary degree of exactness are constructed by
using orthogonal polynomials.
In [6] the problem of optimal integration for fast oscillatory functions of two variables is solved
constructively in the case where a priori information is limited. The connection of this problem with the
problem of optimal recovery of a function from interpolational classes is analysed using properties of
majorants and minorants for these functional classes.
In [12] the author reports some recent results that reveal a close relation betweenorthogonal polynomials
on the unit ball, the standard simplex, and the surface of the unit sphere of theEuclidean space.Hediscusses
the connection between cubature formulae on the unit ball, the standard simplex and the unit sphere.
There are different ways to obtain cubature formulae.
A natural way to construct cubature formulae is interpolation.
Let us denote by  = M(n,m) = (n + m)!/(n!m!) the number of all monomials of degree not higher
than m in n variables.
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Table 1
The number of nodes N0, N , 0 for n = 3, 4, . . . , 10
n 3 4 5 6 7 8 9 10
N0 20 35 56 84 120 165 220 286
N 33 56 99 141 193 256 331 419
0 84 210 462 924 1716 3003 5005 8008
A cubature formula with  nodes which is exact for all polynomials of degree not higher than m is
called interpolatory if the nodes do not lie on an algebraic manifold of degree m and the coefﬁcients are
uniquely determined by the nodes.
The number of nodes in an interpolatory cubature formula might be lower than  since some of the
coefﬁcients may vanish.
When a non-interpolatory cubature formula is given with a certain number of nodes, an interpolatory
cubature formula that uses a subset of the given nodes can be constructed (see [2, p. 19, 26]).
In this paper, Sobolev’s theorem [10] and the proposed method from [9] for constructing invariant
cubature formulae are used to construct cubature formulae for the simplex Tn, which are exact for all
polynomials of degree not higher than 6, and invariant with respect to the group TnG.
Let us compare the number of nodes of the invariant cubature formulae obtained in this paper, the lower
bound for the number of nodes of cubature formulae of the sixth degree of accuracy and the number of
nodes 0 of an interpolatory cubature formulae of the sixth degree of accuracy with the coefﬁcients which
does not equal to 0.
The lower bound for the number of nodes of cubature formula which is exact for polynomials of degree
not higher than m is equal to M(n, k)= (n+k)!/(n!k!), where k=[m/2] is the integer part of the number
m/2. Accordingly, the lower bound for the number of nodes for cubature formulae of the sixth degree of
accuracy is equal to N0 = (n + 1)(n + 2)(n + 3)/3!.
LetN denote the number of nodes for the cubature formulae obtained in this paper, 0=(n+6)!/(n!6!).
The number of nodes N0, N, 0 for n = 3, 4, . . . , 10 are given in Table 1.
Table 1 shows that at n = 3 the number of nodes in the obtained formulae in this paper exceeds the
lower bound by 13 units and also that N0 <N < 0.
In Sections 2 and 3we derive the parameters of the cubature formulae forn5 andn=3, 4, respectively.
Numerical results are presented in Section 4.
2. Cubature formula for n5
Invariant cubature formulae can be constructed using the Sobolev’s theorem [10, or 9, Theorem 12,
p. 230]:
Theorem 12. Let the formula
∫

f (x) dx 
N∑
j=1
Cjf (x
(j)) (∗)
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as well as the vector space  be invariant with respect to a group G. In order for the formula (∗) to be
exact for all functions in  it is necessary and sufﬁcient that (∗) is exact for all those functions from 
which are invariant with respect to G.
We can use Theorem 12 taking for  the vector space of all polynomials of degree not higher than m
when the region of integration  is the simplex Tn. For a cubature formulae for the simplex Tn, which
are invariant with respect to the group TnG Theorem 12 holds (see [9, p. 230, 238]).
Let us construct a cubature formula for the simplex Tn invariant with respect to the group TnG and
exact for all polynomials of degree not higher than 6. According to Theorem 12 it sufﬁces to require the
formula to be exact for all invariant polynomials of degree not higher than 6.
Since the cubature formula must be exact for all polynomials of degree not higher than 6, according to
the Theorem 12, for n5 it must be exact for 11 invariant polynomials
1, P2(x), P3(x), P4(x), P 22 (x), P5(x), P2(x)P3(x), P
3
2 (x),
P 23 (x), P2(x)P4(x), P6(x), (4)
where the polynomials Pk(x), k = 2, 3, 4, 5, 6 are deﬁned by (3).
Accordingly, the nodes of the cubature formula are selected such, that the cubature sum depends on at
least 11 parameters.
The nodes are selected to form the TnG-orbits. The nodes of the cubature formula are taken as follows:
the center of the simplex Tn; the vertices of the simplices Tn,1 , Tn,2 and Tn; the midpoints of the edges of
the simplices Tn,1 and Tn,2 ; the t-points b
(j)(1, t) by t = 14 , which lie on the edges of the simplex Tn,1 ;
the centers of the two-dimensional walls of the simplex Tn,2 , where 1, 2, 1 are unknown parameters;
2, 1, 2 are assigned arbitrary.
The cubature formula can be written in the form∫
Tn
f (x) dx  Df () + A1
n+1∑
j=1
f (a(j)(1)) + A2
n+1∑
j=1
f (a(j)(2))
+ A3
n+1∑
j=1
f (a(j)(0)) + B1
C2n+1∑
j=1
f (b(j)(1)) + B2
C2n+1∑
j=1
f (b(j)(2))
+ C1
n(n+1)∑
j=1
f (b(j)(1, 1/4)) + C2
C3n+1∑
j=1
f (c(j)(2)). (5)
The number of nodes is N = (n3 + 12n2 + 29n + 24)/6; n5.
The cubature sum depends on 14 parameters. The parameters 2, 1, 2 are assigned arbitrary. The
remaining 11 parameters D,A1, A2, A3, B1, B2, C1, C2, 1, 2, 1 are calculated.
The requirement that formula (5) is exact for polynomials (4) yields the non-linear system of 11
equations with 11 unknowns D,A1, A2, A3, B1, B2, C1, C2, 1, 2, 1:
(1) : D + (n + 1)(A1 + A2 + A3) + n(n + 1)(B1 + B2)/2
+ n(n + 1)C1 + C3n+1C2 = 1/n!,
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(P2) : (n + 1)(A1a21 + A2a22 + A3) + (n2 − 1)(B1b21 + B2b22)
+ Y2C1c21/16 + (n2 − 1)(n − 2)C2c22/2 = (n + 1)/(n + 2)!,
(P3) : (1 − n2)(A1a31 + A2a32 − A3)
+ (n − 1)[4 − (n − 1)2](B1b31 + B2b32)
+ Y3C1c31/64 + (n − 1)(n − 2)[9 − (n − 2)2]C2c32/2
= 2(n2 − 1)/(n + 3)!,
(P4) : (1 + n3)(A1a41 + A2a42 + A3)
+ (n − 1)[8 + (n − 1)3](B1b41 + B2b42) + Y4C1c41/256
+ (n − 1)(n − 2)[27 + (n − 2)3]C2c42/2
= 3(n + 1)(3n2 − n + 2)/(n + 4)!,
(P 22 ) : n(n + 1)2(A1a41 + A2a42 + A3)
+ 2(n2 − 1)2(B1b41 + B2b42) + Y 22 C1c41/256
+ 3(n − 1)(n − 2)2(n + 1)2C2c42/2
= (n + 1)2(n2 + 9n + 2)/(n + 4)!,
(P5) : (1 − n4)(A1a51 + A2a52 − A3)
+ (n − 1)[16 − (n − 1)4](B1b51 + B2b52) + Y5C1c51/1024
+ (n − 1)(n − 2)[81 − (n − 2)4]C2c52/2
= 4(n2 − 1)(11n2 + 5n + 6)/(n + 5)!,
(P2P3) : n(n + 1)(1 − n2)(A1a51 + A2a52 − A3)
+ 2(n − 1)2(n + 1)[4 − (n − 1)2](B1b51 + B2b52)
+ Y2Y3C1c51/1024 + 3(n2 − 1)(n − 2)2[9 − (n − 2)2]C2c52/2
= 2(n + 1)2(n − 1)(n2 + 19n + 6)/(n + 5)!,
(P 32 ) : n2(n + 1)3(A1a61 + A2a62 + A3) + 4(n2 − 1)3(B1b61 + B2b62)
+ Y 32 C1c61/4096 + 9(n − 1)(n − 2)3(n + 1)3C2c62/2
= (n + 1)3(n4 + 26n3 + 247n2 + 94n − 8)/(n + 6)!,
(P 23 ) : n(1 − n2)2(A1a61 + A2a62 − A3)
+ 2(n − 1)2[4 − (n − 1)2]2(B1b61 + B2b62) + Y 23 C1c61/4096
+ 3(n − 1)(n − 2)2[9 − (n − 2)2]2C2c62/2
= 4(n − 1)(n + 1)2(n3 + 54n2 − 28n − 21)/(n + 6)!,
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(P2P4) : n(n + 1)(1 + n3)(A1a61 + A2a62 + A3)
+ 2(n − 1)2(n + 1)[8 + (n − 1)3](B1b61 + B2b62)
+ Y2Y4C1c61/4096 + 3(n − 2)2(n2 − 1)[27 + (n − 2)3]C2c62/2
= 3(n + 1)2(3n4 + 82n3 − 27n2 + 38n + 24)/(n + 6)!,
(P6) : (1 + n5)(A1a61 + A2a62 + A3)
+ (n − 1)[32 + (n − 1)5](B1b61 + B2b62) + Y6C1c61/4096
+ (n − 1)(n − 2)[243 + (n − 2)5]C2c62/2
= 5(n + 1)(53n4 − 23n3 + 19n2 + 2n + 24)/(n + 6)!, (6)
where
ai = (n + 1)i − 1, i = 1, 2, (7)
bi = [(n + 1)i − 1]/2, i = 1, 2, (8)
c1 = (n + 1)1 − 1, c2 = [(n + 1)2 − 1]/3, (9)
Yi = (1 − 3n)i + (3 − n)i + 4i(n − 1), i = 2, 3, 4, 5, 6. (10)
The system (6) can be solved as follows.
We solve the linear system (P 32 ), (P
2
3 ), (P2P4), (P6), with respect to the unknowns:
A1a
6
1 + A2a62 + A3 = X1, B1b61 + B2b62 = X2, (11)
C1c
6
1 = X3, C2c62 = X4. (12)
Since 1 and 2 are assigned arbitrary, we ﬁnd c1 and c2 using (9). Then using (12) we ﬁnd C1 and C2.
From Eqs. (P5) and (P2P3) we ﬁnd
A1a
5
1 + A2a52 − A3 = X5, B1b51 + B2b52 = X6,
where
X5 = 2(n + 1)(n − 1)2[4 − (n − 1)2]Q5/D3 − (n − 1)[16 − (n − 1)]4Q6/D3, (13)
X6 = [(1 − n4)Q6 − n(n + 1)(1 − n2)Q5]/D3, (14)
Q5 = 4(n2 − 1)(11n2 + 5n + 6)/(n + 5)! − X3Y5/(1024c1)
− (n − 1)(n − 2)[81 − (n − 2)3]X4/(2c2),
Q6 = 2(n − 1)(n + 1)2(n2 + 19n + 6)/(n + 5)! − X3Y2Y3/(1024c1)
− 3(n2 − 1)(n − 2)2[9 − (n − 2)2]X4/(2c2),
D3 = 2(1 − n4)(n + 1)(n − 1)2[4 − (n − 1)2] + n(1 − n2)2[16 − (n − 1)4].
From Eqs. (P4) and (P 22 ) we ﬁnd
A1a
4
1 + A2a42 + A3 = X7, B1b41 + B2b42 = X8,
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where
X7 = 2(n2 − 1)2Q7/D2 − (n − 1)[8 + (n − 1)3]Q8/D2, (15)
X8 = [(1 + n3)Q8 − n(n + 1)2Q7]/D2, (16)
Q7 = 3(n + 1)(3n2 − n + 2)/(n + 4)! − X3Y4/(256c21)
− (n − 1)(n − 2)[27 + (n − 2)3]X4/(2c22),
Q8 = (n + 1)2(n2 + 9n + 2)/(n + 4)! − X3Y 22 /(256c21)
− 3(n − 1)(n − 2)2(n + 1)2X4/(2c22),
D2 = 2(1 + n3)(n2 − 1)2 − n(n − 1)(n + 1)2[8 + (n − 1)3].
Afterwards we solve the non-linear system
B1b
4
1 + B2b42 = X8,
B1b
5
1 + B2b52 = X6,
B1b
6
1 + B2b62 = X2,
and we derive unknowns B1, B2, b1, since 2 is assigned arbitrary and b2 is expressed by 2 using (8).
Then using (8) we calculate 1.
From Eqs. (P3) we have
A1a
3
1 + A2a32 − A3 = X9,
where
X9 = {[2(n2 − 1)/(n + 3)! − (n − 1)[4 − (n − 1)2](B1b31 + B2b32)
− Y3C1c31/64 − {(n − 1)(n − 2)[9 − (n − 2)2]C2c32/2}/(1 − n2). (17)
From Eqs. (P2) we ﬁnd
A1a
2
1 + A2a22 + A3 = X10,
where
X10 = [(n + 1)/(n + 2)! − (n2 − 1)(B1b21 + B2b22) − Y2C1c21/16
− (n2 − 1)(n − 2)C2c22/2]/(n − 1). (18)
Thus, we derive the non-linear system
A1a
2
1 + A2a22 + A3 = X10,
A1a
3
1 + A2a32 − A3 = X9,
A1a
4
1 + A2a42 + A3 = X7,
A1a
5
1 + A2a52 − A3 = X5,
A1a
6
1 + A2a62 + A3 = X1,
of ﬁve equations and we ﬁnd ﬁve unknowns A1, A2, A3, a1, a2.
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After that we calculate 1 and 2 using (7). From the ﬁrst equation of the system (6) we derive the
coefﬁcient D.
The solution of the system (6) for n5 is
D = 1/n! − (n + 1)(A1 + A2 + A3) − n(n + 1)(B1 + B2)/2
− n(n + 1)C1 − n(n2 − 1)C2/6,
A1 = [X7 + X9 − (X9 + X10)a2]/[(a1 − a2)(a1 + 1)a21],
A2 = [(X9 + X10)a1 − X7 − X9]/[(a1 − a2)(a2 + 1)a22],
A3 = X10 − (A1a21 + A2a22),
B1 = (X6 − b2X8)/[(b1 − b2)b41], B2 = (X8 − B1b41)/b42,
C1 = X3/c61, C2 = X4/c62,
1 =
(
2 − p +
√
p2 − 4q
)/
[2(n + 1)],
2 =
(
2 − p −
√
p2 − 4q
)/
[2(n + 1)],
1 = (2b1 + 1)/(n + 1),
2, 1, 2 are assigned arbitrary, where
a1 =
(
−p +
√
p2 − 4q
)/
2, a2 =
(
−p −
√
p2 − 4q
)/
2,
b1 = (X2 − b2X6)/(X6 − b2X8), b2 = [(n + 1)2 − 1]/2,
c1 = (n + 1)1 − 1, c2 = [(n + 1)2 − 1]/3,
p = [(X1 + X5)(X9 + X10) − (X5 + X7)(X7 + X9)]/D1,
q = [(X5 + X7)2 − (X1 + X5)(X7 + X9)]/D1,
D1 = (X7 + X9)2 − (X5 + X7)(X9 + X10),
(X1, X2, X3, X4) is the solution of the system of Eqs. (P 32 ), (P
2
3 ), (P2P4), (P6). The unknowns
X5, X6, . . . , X10 are found from (13) to (18).
3. Cubature formula for n= 4 and n= 3
When n=4, see (4), the number of invariant polynomials of degree not higher than 6 is 10. In this case
in the system (6) Eq. (P6) does not participate. To reduce the number of parameters in the system (6)
by one, let us suppose that C2 = 0. The cubature sum depends on 12 parameters. The parameters 2, 1
are assigned arbitrary. The remaining 10 parameters D,A1, A2, A3, B1, B2, C1, 1, 2, 1 are calculated.
The number of nodes is N = 56.
For n = 4, system (6) can be solved as follows.
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Considering the Eqs. (P 32 ), (P 23 ), (P2P4), as a linear system of three equations with three unknowns
A1a
6
1 + A2a62 + A3, B1b61 + B2b62, C1c61, we ﬁnd these unknowns:
A1a
6
1 + A2a62 + A3 = X1, B1b61 + B2b62 = X2, C1c61 = X3.
Further system (6) is solved with n = 4 and C2 = 0.
When n = 3, see (4), the number of invariant polynomials of degree not higher 6 is 9. In this case in
the system (6) Eqs. (P5) and (P6) do not participate. To reduce the number of parameters in the system
(6) by two, let us suppose that A3 = 0 and C2 = 0. The cubature sum depends on 11 parameters. The
parameters 2, 1 are assigned arbitrary. The remaining nine parametersD,A1, A2, B1, B2, C1, 1, 2, 1
are calculated. The number of nodes is N = 33.
For n = 3 system (6) can be solved as follows.
Considering Eqs. (P 32 ), (P 23 ), (P2P4), as a linear system of three equations with three unknowns
A1a
6
1 + A2a62, B1b61 + B2b62, C1c61, we ﬁnd these unknowns:
A1a
6
1 + A2a62 = X1, B1b61 + B2b62 = X2, C1c61 = X3.
Using (9) we ﬁnd c1. Then C1 = X3/c61.
From Eq. (P2P3) we ﬁnd
A1a
5
1 + A2a52 = X5,
where
X5 = −1/840 − 4/(8505c1). (19)
From Eqs. (P 22 ) and (P4) we ﬁnd
A1a
4
1 + A2a42 = X7, B1b41 + B2b42 = X8,
where
X7 = 1/504 − 2/(2835c21), (20)
X8 = 1/5040 − 1/(11340c21). (21)
From Eq. (P3) we ﬁnd
A1a
3
1 + A2a32 = X9,
where
X9 = −1/360 − 8/(8505c31). (22)
Thus we obtain the non-linear system
A1a
3
1 + A2a32 = X9,
A1a
4
1 + A2a42 = X7,
A1a
5
1 + A2a52 = X5,
A1a
6
1 + A2a62 = X1, (23)
of four equations and we ﬁnd four unknowns A1, A2, a1, a2.
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After that we ﬁnd 1 and 2 using (7).
From Eq. (P2) we ﬁnd
B1b
2
1 + B2b22 = X10,
where
X10 = 1/240 − (A1a21 + A2a22)/2 − 8/(8505c41). (24)
For the unknowns B1, B2, b1 we derive the non-linear system
B1b
2
1 + B2b22 = X10,
B1b
4
1 + B2b42 = X8,
B1b
6
1 + B2b62 = X2.
We solve this system and then using (8) we ﬁnd 1.
From the ﬁrst equation of the system (6) we ﬁnd the last unknown parameter D. The solution of the
system (6) for n = 3 is
A1 = [X7 − a2X9]/[a31(a1 − a2)], A2 = [a1X9 − X7]/[a32(a1 − a2)],
B1 = (X8 − X10b22)/[b21(b21 − b22)], B2 = (X10 − B1b21)/b22,
D = 1/6 − 4(A1 + A2) − 6(B1 + B2) − 12C1, C1 = X3/c61,
1 =
(
2 − p +
√
p2 − 4q
)/
8, 2 =
(
2 − p −
√
p2 − 4q
)/
8, 1 = (2b1 + 1)/4,
2 and 1 are assigned arbitrary,
where
a1 =
(
−p +
√
p2 − 4q
)/
2, a2 =
(
−p −
√
p2 − 4q
)/
2,
b21 = (X2 − b22X8)/(X8 − b22X10), b2 = (42 − 1)/2, c1 = 41 − 1,
p = (X1X9 − X5X7)/D0, q = (X25 − X1X7)/D0,
D0 = X27 − X5X9, X1 = 1/1944,
X2 = 1/181440, X3 = 32/25515,
X5 is found from (19); X7, X8, X9, X10 are found from (20), (21), (22), (24).
4. Numerical results for n3
A cubature formula is good when all its nodes are inside the region of integration and all its coefﬁcients
are positive.
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A FORTRAN 77 program written to compute the parameters of the formula (5) can be used for any
n3 if the formula exists, or establishes that the formula does not exist and why. The formula (5) exists if:
the linear system, which is obtained from the system (6) has solution, p2 −4q > 0, 2 = 1/(n+1), 1 =
1/(n + 1), 2 = 1/(n + 1), a1 = 0,−1, a2 = 0,−1, b1 = b2, b1 = 0,D0 = 0,D1 = 0,D2 =
0,D3 = 0 and besides for n = 3 if b21 > 0. If these conditions are not satisﬁed, the formula does not
exist.
The program can verify whether the nodes are inside Tn. For all nodes to be inside the simplex Tn each
of their coordinates should be 0 and the sum of the coordinates should be less than or equal to 1. The
program veriﬁes whether these conditions are satisﬁed.
Since 2, 1, 2 for n5 and 2, 1 for n = 3, 4 are assigned arbitrary, we can derive an inﬁnite set of
cubature formulae and one may seek such values for 2, 1, 2 for which the derived nodes are inside Tn.
The choice of 2, 1, 2 may inﬂuence the results, in particular the quality of the cubature formula (5).
When we choose some values for 2,1, 2, we introduce them in the beginning of the program for
every n and we ﬁnd the unknown parameters when the cubature formula (5) exists. If the obtained nodes
are inside Tn, and the coefﬁcients are positive, this means that the obtained results are good. If the
formula does not exist, or if all or part of the nodes are outside Tn, or all or some of the coefﬁcients
are negative, the quality of the cubature formula can be improved by giving other values for 2, 1,
2 until we obtain the best results (i.e. all or the greater number of nodes are inside Tn and all or
most coefﬁcients are positive). For example if n = 3, for 2 = 0, 1 = 0.1 we obtain b21 < 0 and this
means, that the formula (5) does not exist; for 2 = 0, 1 = 0 formula (5) exists, but four nodes are
outside T3; for 2 = 0, 1 = 0.062 formula (5) exists, all the nodes are inside T3 and all coefﬁcients are
positive.
With this program computations are conducted for n=3, 4, . . . , 10 and it is established that the formula
(5) exists and the nodes are inside Tn. For n = 3, 4 the results are derived for 2 = 0, 1 = 0.062; for
n = 5, 6 the results are derived for 2 = 0, 1 = 0.058, 2 = 0; for n = 7, 8, 9, 10 the results are derived
for 2 = 0, 1 = 0.047, 2 = 0.
The results for n = 3, 4, 5 are given in Table 2. The results for n = 6, 7, 8 are given in Table 3.
The cubature formula (5) obtained in this paper is exact for all polynomials of degree not higher than
6. Let us verify this when f (x) is a polynomial of degree 6, 5, 4, respectively.
Let us use formula (5) for
I1 =
∫
Tn
(x61 + x62 + · · · + x6n) dx = 6!n/(n + 6)!
I2 =
∫
Tn
(1 − x1 − x2 − · · · − xn)5 dx = 5!/(n + 5)!
I3 =
∫
Tn
x1x2x3(1 − x1 − x2 − · · · − xn) dx = 1/(n + 4)!
Approximate values of these integrals (the cubature sums) obtained by (5) will be denoted by Sk and
the error—by Rk , where Rk = Ik − Sk , k = 1, 2, 3.
With the program we calculate Ik, Sk, Rk for every n and print the results.
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Table 2
Parameters of the cubature formula (5) for n = 3, 4, 5
n 3 4 5
D 0.177504244065 × 10−1 0.227870888901×10−2 0.153125863253×100
A1 0.712902814143 × 10−2 0.101360216329×10−2 −0.308192620347×10−1
A2 0.117774503723 × 10−2 −0.763449613061×10−3 −0.132932506975×10−3
A3 0 0.332493823556×10−4 0.269323218766×10−5
B1 0.519859668147 × 10−2 0.145846465657×10−2 0.240617040694×10−2
B2 0.212899605211 × 10−3 0.143425997350×10−4 −0.384732505089×10−6
C1 0.693501431878 × 10−2 0.116214377758×10−2 0.148414436026×10−3
C2 0 0 0.182629870130×10−4
1 0.326946273450 × 100 0.241753910662×100 0.175504355523×100
2 0.326677254667 × 10−1 0.114088955019×100 0.829813615305×10−1
1 0.386844651051 × 100 0.298592725963×100 0.205495484299 × 100
Table 3
Parameters of the cubature formula (5) for n = 6, 7, 8
n 6 7 8
D 0.265391782035 × 10−3 0.435746934684×100 0.905284193368×10−2
A1 −0.180062055092 × 10−3 −0.751819242256×10−1 −0.151492754118×10−2
A2 −0.431010606055 × 10−4 −0.112640730865×10−5 −0.267784755463×10−6
A3 0.202941880046 × 10−6 0.246255633417×10−7 0.129020303244×10−8
B1 0.822172696303 × 10−4 0.592287110904×10−2 0.127719453411×10−3
B2 −0.194401887071 × 10−6 −0.210839652551×10−7 −0.228811597828×10−8
C1 0.216302632265 × 10−4 0.123802548281×10−5 0.141466695011×10−6
C2 0.152191558442 × 10−5 0.117070429570×10−6 0.836217354074×10−8
1 0.162700676003 × 100 0.127834868709×100 0.114995595845×100
2 0.796928299247 × 10−1 0.514930868759×10−1 0.565549017947×10−1
1 0.185815491042 × 100 0.133355650777×100 0.121508058265×100
For example for n = 3 with this program we obtain
I1 = 0.595238095238 × 10−2,
S1 = 0.595238095238 × 10−2, R1 = 0.669156028331 × 10−18
I2 = 0.297619047619 × 10−2,
S2 = 0.297619047619 × 10−2, R2 = 0.433680868994 × 10−18
I3 = 0.198412698413 × 10−3,
S3 = 0.198412698413 × 10−3, R3 = −0.108420217249 × 10−18.
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